EXISTENCE AND UNIQUENESS FOR NONLINEAR 
ANISOTROPIC ELLIPTIC EQUATIONS 
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Abstract. We study the existence and uniqueness for weak solutions to some 
classes of anisotropic elliptic Dirichlet problems with data belonging to the 
natural dual space. 



1. Introduction 

In the present paper we study the existence and uniqueness of weak solutions to 
some classes of anisotropic elliptic equations with homogeneous Dirichlet boundary 
conditions. 

Let us consider the following model problem 



(1.1) 



i = on 9f2, 

where is a bounded open subset of with Lipschitz continuous boundary, 
A'' > 2, 1 < pi,...,pjv < +00, e > 0, ai,...,ajv are Caratheodory functions, 
(7i, ..,5Ar and / are functions belonging to suitable Lebesgue spaces. 

The anisotropy of the problem is due to the growth in each partial derivative con- 
trolled by different powers. The interest in studying such operators are motivated 
by their applications to the mathematical modeling of physical and mechanical 
processes in anisotropic continuous medium. 

The existence and regularity of weak solutions or solutions in the distributional 
sense to Problem ()l.ip with gi = have been studied in [22j when / £ L'"(ri) 
with m > 1, in |14j when datum / belongs to Marcinkiewicz spaces and in [6^ for 
measure data. In |llj a comparison theorem and the derived a priori estimates 
are established via symmetrization methods. Some uniqueness results for Problem 
(jl.ip have been obtained in [5] for weak solutions and data belonging to the dual of 
the anisotropic Sobolev space. Moreover when the datum / is only integrable the 
uniqueness of a renormalized solution is proved in |17j . 

As far as the uniqueness of a weak solution to Problem (|l.ip is concerned, when 
£ — Q and at least one pi is less or equals to 2 in this paper we obtain the same 
uniqueness result of [2] by a different method. Instead we improve the result of 
[2] when £ > and every pi is greater than 2. The main tools in our proofs are 
Poincare inequality and the embedding for the anisotropic Sobolev spaces. 
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We also consider a class of anisotropic equations with a first order term, whose 
prototype is 

-dxla{x,u){e + \dxM'^)^^^x.u)+Ylbi\dx,uf'''^=f-9xi9i in ^ 

It = on dfl, 

where hi belong to suitable Lebesgue spaces for i = 1, .., A^. To our knowledge, such 
a problem is not still deeply studied. As far as the existence of a weak solution 
is concerned, the presence of a lower order term produces a lack of coerciveness, 
which does not allow to use the classical methods. Here we prove the existence 
of a weak solution to Problem (|1.2p . As usual the main step in the proof is an a 
priori estimate. In order to avoid the assumption on smallness of the norm of the 
coefficients bi (that implies the coerciveness of the operator) , we adapt the method 
used in [8] (see also [3], [15], [19] and [20]), which consists in splitting the domain 

in a finite number of small domains fii, .., $7* in such a way to have small norms 
of the coefficients on fta for cr = l,..,t. Finally we consider a different class of 
anisotropic operator, whose lower order term satisfy a Lipschitz condition in order 
to obtain same uniqueness results following the idea of pi . 

Problems (|l.ip and (|1.2p have been studied in the isotropic case by many authors. 
We just mention some of these papers: [1], [TU], [ID and [T3] for existence and 
regularity of weak solutions and [J, [S], [H] and [23] for the uniqueness (see also 
the references therein). 

The paper is organized as follows. In § 2 we recall the standard framework of 
anisotropic Sobolev spaces, we detail the assumptions and we give the notion of 
weak solution. In § 3 we study the case of strongly monotone operator. Finally we 
investigate Problem (|1.2p : in §4.1 we prove the existence of at least a weak solution 
and in § 4.2 we prove some uniqueness results. 

2. Definitions, assumptions and preliminaries results 

2.1. Anisotropic Sobolev spaces. Let i7 be a bounded open subset of {N > 
2) with Lipschitz continuous boundary and let 1 < pi,...,pN < oo he N real 
numbers. The anisotropic space (see e.g. [25] ) 

N 

is a Banach space with respect to norm = + ll^2:i'"llLPi(a) ■ 

i—l 

The space W^'^ {^) is the closure of C^{Vt) with respect to this norm. 

We recall a Poincare-type inequality. Let u G W^'^ (f2), then for every q>l there 

exists a constant Cp (depending on q and i) such that (see [TSj) 

||m|Il<j(o) < C'P for i = 1,...,A^. (2.1) 

Moreover a Sobolev-type inequality holds. Let us denote by p the harmonic mean 

of these numbers, i.e. i = jfJ2~- ^et u G Wq'^ (fi), then there exists (see [IS]) 

i—l 

a constant Cs such that 

N 

MLHn)<Csl[\\d,M\t.(^n)^ (2-2) 
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where q = p* = j^^- ii p < N or q £ [1, +00 [ ii p > N. On the right-hand side 
of (j2.2p it is possible to replace the geometric mean by the arithmetic mean: let 
ai, ...,aN be positive numbers, it holds 

Il^t < ^E«- (2-3) 

i=l i=l 



which implies by 



When 



Cs ^ 

||ulli,(n) < -^Y. ll^^."llL«(n) ■ (2-4) 
1=1 



p<N (2.5) 

hold, inequality (|2.4p implies the continuous embedding of the space Wq'^{Q) 
into i^(il) for every q G On the other hand the continuity of the embed- 

ding Wq'^ (il) C LP+{Q) with p+ :— maxjpi, ...,pjv} relies on inequality (|2.ip . 
It may happen that p* < p+ if the exponents pi are not closed enough, then 
Poo turns out to be the critical exponent in the anisotropic Sobolev 

embedding (see [IB]). 

Proposition 2.1. If condition \2.5\) holds, then for q S [l,Ptx3] there is a continuous 
embedding Wq' ^ (fl) C L'^{fl). For q < poo the embedding is compact. 

2.2. Assumptions and Definitions. We consider the following class of nonlinear 
anisotropic elliptic homogeneous Dirichlet problems 

N 

-dxiOiix, u, Vu) -t- Y.Hi{x, Vu) = / - 9^_.g,: in H 
u — on d^l, 

where is a bounded open subset of M.^ with Lipschitz continuous boundary dil, 
N >2,1 <pi,... ,pN < 00 and (|23)) holds. 

We assume that ai:57xRxR ~>R and Hi : fl X R are Caratheodory 

functions such that 

N N 

{x,s,0^z> Vs e R, ^ g R^ and a.e. in il, (2.7) 

i=l 1=1 

\a^{x,s,0\<7[\s\'^ + \^^^~^] , (2.8) 

(a, (x, s, - (a^, O) (6 - eD > for e. 7^ (2.9) 

\H.dx,0\<b^\i^r-' (2.10) 
where bi, X,"/ are some positive constants for i — 1, .., N. 
Moreover we suppose that 

feLP'^m (2.11) 

and 

g,eLP'^{n) ioii = l,..,N. (2.12) 

We observe that in p.lOp we can also assume that bi G L"^' (£7) with — y y- 

for i = l,..,iV. 
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Finally we recall the definition of weak solution. A function u G Wq' ^ (fi) is a weak 
solution to Problem (12.61) if 



N 

y2 / [ai{x,u,Vu)(px^ + Hi{x,Vu)(p] ^ / 



N 



i=l 



3. Strongly monotone operators 



In this section we consider Problem ()2.6p with Hi = under the assumptions of 
strongly monotonicity of the operator and Lipschitz continuity of at . More precisely 
we study the following class of nonlinear anisotropic elliptic homogeneous Dirichlet 
problems 



-dj:,ai{x,u,\7u) ^ f - d^.gi in ft 
u ~ on dfl. 



(3.1) 



Let us assume that (|2.7p - (l2.9|) . (12. lip and (I2.12p hold and that functions satisfy 



(a, {x, s,o - a. (^, s,a) (6 - o > « (^ + le.i + \e.\r ' - c:i 

with a > and £ > and the following Lipschitz condition 

|a, (x,s,0-a. ix,s',O\<l3{0+\^,r-') \s-s'\ 



(3.2) 



(3.3) 



with /3 > 0, 6* > for z = 1, .., N. 

By the classical Leray-Lions theorem (see PH) there exists at least a weak solution 
(see also [35]) to Problem p. II) as in the isotropic case. 

As far as the uniqueness is concerned, we will investigate separately the case 
when at least one Pi < 2 and the case when every pi > 2 for i — 1, N. In this 
last case as for p— Laplace with p > 2, there is no uniqueness in general (see the 
counterexample in [I]). Then assumption p.2p with e > seems to be necessary 
to get a uniqueness result. 



Theorem 3.1. Let us assume p, > 2 for i ^ 1, .., N, ^K^, W^) . BA1\) . 
112. hS.^j) with e > and h3.3\) . Then there exists a unique weak solution to 
Problem (TO]]. 



Proof. Let u and v be two weak solutions to Problem p.ip . Let us denote w = 
(u-v)^ ,D = {x G n : w > 0} , Dt {x G D : w < t} for t £ [0, sup w[ and Tt 
the truncation function at height t. Suppose that D has positive measure. Using 
95 — ^^j^ as test function in the difference of the equations, we obtain 

N 

y2 / [ai{x,u,Vu) - ai{x,v,yv)]dx^ip <0. 

For the convenience of the reader we are explicitly writing the sum sign. By p.2p 
and (j3.3p we get 



N N 



/ [e+\d.,M + \d.MT~ \d.M < 
Id, a 



(e + \d,M''~^) (3.4) 
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Using Young inequality with some 6 > we have 



then by (|3.4[) . choosing (5 smaU enough, wc obtain 

V/ + <cU|i?,|+ V / Id.M"'] (3.5) 

for some positive constant c independent on t. By Young inequahty, (|2.4p and p.Sp 
we obtain 

N 11/" 

<E\D,\ + ^c(^N\D,\+f2j^ \d..vry 

The last term tends to zero when t goes to zero; this implies 

\D\ = lmy\D\Dt\^0, (3.6) 

from which the conclusion follows. □ 

This approach also works if we replace hypothesis p.2p by 

(a,(x,s,e)-a,(x,s,^'))te-e:)>a|C.-e:r" a>0 (3.7) 
and hypothesis p.3p by 

|a, (x, s,0 - a. (a;, < /? + IC/'"' + (kl + k'|)'') |s - s'\ (3.8) 

for some > 0, /3 > 0, > for i = 1, .., A^. 

Theorem 3.2. Let us assume p, > 2 for i ^ l,-,N, ^KM>, W^ , (KM>,^KW, 
h2.10i) . Jg. 7| ) and ( [g.<$|) wzt/i < < ^ T/ien i/iere existe a unique weak solution 
to Problem JO]) . 

Proof. We argue as in the proof of Theorem 13.11 taking into account the following 
extra term in (13. 4p 

N 



J2f (H + |f|)^"|9..(/:'|. 



Using p.7p and p.Sp instead of p.2p and p.3p respectively, we obtain 



i=l -^D, Ju, ^ ^ Jd, 
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Using Young inequality with some 6 > and choosing S smah enough, we obtain 
the analogue of p.5|) 

/ ^ r ^ r \ 

" " {\u\ + \v\r'^^], (3.9) 



for some positive constant c independent on t. Since < qt < p.9p allows us 
to conclude. □ 



Remark 3.3. If in Theorem \ 3.2\ we assume i3.2\) holds instead of ^3. 7^ , we can 
take < Qi < ^ . Moreover Theorem \3.2\ holds if we replace i3.8\) by 

|a. {x, s,0 - a, {x, < P {o + I^P"' + (kl + Wl^) ^(k " 

for i = I, .., N, where lo : [0, +oo[ — > [0, +oo[ is such that a;(s) < s for < s < p 
for some p > 0. 

Now we study Problem p.ip when at least one pi is less or equal to 2 and £ = 
in p.2p . We argue as in Theorem 13.11 by using Poincare inequality (|2.1I) instead 
of inequality (12. 4p . The following result is obtained by a different proof in [2] (see 
Theorem 2.1). 

Theorem 3.4. Let us assume (K^, ifOI). ^7771) . fUD, fSJj wif/i e = 

and h3.3\) with 6 — 0. If at least one pi is less or equal to 2, then there exists a 
unique weak solution to Problem \3.1\) . 



Proof. Arguing as in the proof of Theorem 13.11 we have 

/ \d^-M''i\d.M + \d.MT~^ <PY. \d.M'''~'\d.M- (3.10) 
i=i •'Dt -Id, 

By Young inequality with some (5 > we get 

(3.11) 

Putting (|3.11l) in (I3.10p and choosing 5 small enough we obtain 

v/ \d,M'i\d.M + \d.Mr'' <ciy2 i\d.M + \d.Mr (3.12) 

i=l -^^t ^=l -iDt 

for some positive constant ci independent on i. Let pj < 2. Using Poincare inequal- 
ity (|2.ip . Young inequality and (I3.12p we get 



Cp\D\D,\<^ 





\dx 




2 


{\dx,u\ 


+ 


dx 







2-p, 



N 

,2-pj 



for some positive constant C2 independent on t. As in Theorem 13.11 condition p.6p 
follows, then the assert holds. □ 
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Remark 3.5. Theorem \3.4\ also holds if we replace iS. 3\) by 

\a,{x,s,0-a,{x,s',0\<P{\^^^'')^{\^-^'\) /? > 

for i = 1,.., A^, where is like in Remark \3.S[ Moreover if we suppose that every 
Pi < 2 Theorem \3.4\ holds with = in i3.S\) . Finally we stress that Theorems \3.1[ 
\3.S\ and \3.4\ hold if in Problem 113. 1\) we add the term c{x,u) with suitable hypotheses 

(for example c is an increasing function with respect to u). 



4. Operators with a first order term 

In this section we consider Problem (|2.6p when the functions Oi do not depend 
on u. More precisely under the assumptions (|2.7p - (|2.12p we consider the following 
class of nonlinear anisotropic homogeneous Dirichlet problems: 

N 

~d^.a^{x,Vu) + Y.Hi{x,Vu) ^ f - d^.g in Vt 
u = {) on do,. 

4.1. An existence result for Problem (|4.ip . In this section we prove the ex- 
istence of at least a weak solution to Problem (|4.1I) . To our knowledge this result 
could not be found in literature. 

The coercivity of the operator is guaranteed only if the norms of bi are small enough. 
As usual we consider the approximate problems. Let H^{x, Vit) be the truncation 
at levels ±n of Hi. It is well known (see e.g. [23]) that there exists a weak solution 
Un G Wq '^ (ri) to problem 

N 

-dx,at{x,yun) + J2Hn{x,yun) ^ f - dx.gi in 

u = on dH.. 

The first and crucial step is an a priori estimate of m„. For the convenience of the 
reader we are writing explicitly the sum sign. 

Lemma 4.1. Assume that (Mj^, (^-(M7W^, |gJ7]j and (KM hold and let u„ G 
Wq'^ (ft) be a solution to Problem ^.2\ ). Then we have 

N 

V / \dx^uS'<C, (4.3) 

for some positive constant C depending on N^VL,X,^,pi,bi, H/H^^poo (o) : llffill^p'^^j^-) 
fori^l,..,N. 

Proof. In what follows we do not explicitly write the dependence on n. The tech- 
nique developed in [5] allows us to avoid the assumption on smallness of H^iH^oo^Q-). 
Let j4 be a positive real number, that will be chosen later. Then there exists t mea- 
surable subsets rii, fit of n and t functions ui, ut such that ilinfij = for ? ^ 
j,|Ot| < A and \VLs\ = A for s G {1, ..,t - 1} , {x e Vl : \Vu,\ 9^ 0} C n,,Vu = Vus 
a.e. in rig, V {ui + ... + Us) = (Vu) Us, ui + ...+Us = uiiiQ and sign(M) =sign(Ms) 
if Us 7^ for s e {1, ..,t} . 
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Let US fix s G {l,..,t} and let us use Us as test function in Problem (|4.2|) . Using 
(|2.7p . Young and Holder inequalities and Proposition 12 . II we obtain 

J2 / \d..u,r<ci[\\fh.'^dr+J2 / \H'{^,yu)\ \u^\+Y.\M%] (4.4) 

i=l-'^ \ ^=A^ ^=l ^ 7 

for some constant ci > 0, where dg = JJ^ (/^j l^ajiUsI^') . Here and in what follows 

i 

the constants depend on the data but not on the function u. 

Using condition (|2.10p . Holder and Young inequalities and Proposition 12 . II we get 



N s . 

i=l CT=i 
N s 

^^EE 



(4.5) 



i=lCT = l 

N 



_1 ]_ 

Pi Poo 



_1 1_ 

I Pi Pao 



-E/ is-.^'^r+rf."^ 



for some constant C2 > 0. Putting (|4.5p in ()4.4p we obtain 
Af [- A 

E / \9^^^sr < ci 11/11^.'^ +E iiff^iil - 

»=1 I z=l ^ * 



(4.6) 



A 

If A is such that 



J i_ 

Pi Poo 



■ » s-1 „ A 



A 

EJ 1^ 
Ap» p~ > 0, 

1=1 



inequality (|4.6p becomes 



A 



(4.7) 



(4.8) 



1=1 



-1 A 



J i_ 

1 Pi Poo 



N 

E 



9t 



EE^ 

o-=li=l 

for some constant C3 > 0. For s = 1 we get 

A 



N 

, ^ J ^ p» 

2 = 1 



. A „ r A A 

.= l-^^2 [ 1=1 ' ^=l 



(4.9) 



Let us choose A such that (|4.7p and 

N 

1 - c3y^A~^p^ 



Poo; > 



EXISTENCE AND UNIQUENESS FOR... 



hold. For example we can take A < min 1, \^-^ 
By this choice we obtain 



i=?,\"w{pi Poo} f 1 ^ i=T,^^^7V 



C4 



AT 



Then there exists a constant C5 > such that di < C5 and by (|4.9I) we obtain 

A 



.-1 "'O 



(4.10) 



for some constant cg > 0. Moreover using (I4.10p in (|4.8p and iterating on s we have 



N 



Pi ^ 



AT A 



i=l 



then arguing as before we obtain 

A 



C8 



(4.11) 



for some constant cg > 0. The assertion follows immediately since ll'"lli4/i,i^(s-2) ^ 



A 



i=l \s=l 



fc y~^ j / |9a;.Us|^' ] for some positive k > 0. 



□ 



_i Jo 



Now we are able to prove the following existence result. 

Theorem 4.2. Assume that KKS]) . [2l\)- [2l^) . l2Al\) and hold, then there 

exists at least a weak solution to Problem CTTl). 



Proof. We give only a sketch of the proof, because it is standard. By (14.31) the 
sequence dx^Un is bounded in U'^{^) so we have that 

dxiUn ^ dxiU weakly in U'^ ip.) for i = 1, N, (4-12) 

w„ — ;> M strongly in L^^ (fl) with p_ = min{pi, ..jPn} (4-13) 
for some u and for some subsequence, which we still denote by m„. We can argue 
as in [7] to prove 

dxiUn dxiU a.e. in il for i = 1,...,N. (4-14) 

Using convergence (|4.14p we have for i ~ 1, ...,N 

j ai{x,Vun) — > ai{x,\7u) a.e. in il, 
\ Hl^{x^Vun) — ?> Hi{x,\7u) a.e. in 51. 

Moreover by (j2.8p and (|2.10p for any qi G [l,p'J we have 



|ai(x, Vw„)|'^' < c 



u{x)f- r + / IdxM^T 



\E 



1-^ 



and 



Je \Je 



u{x)r ' \E\ 
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for some positive constant c, for i = 1, N and for any measurable subset E. Then 
Vitah Theorem assures 

ai{x, Vun) — > ai{x, Vu) and Hl^{x, Vu„) Hi{x, Vu) strongly in _L'*(fi) 

for Qi G [IjP'J , that allow us to pass to the limit in the approximate problems. □ 

Remark 4.3. The last theorem still holds if in Ii2.10\} we assume hi G L^^{VL) with 

4.2. Some uniqueness results for Problem ()4.ip . The first uniqueness result 
is obtained when every pi is not greater than 2 assuming the following Lipschitz 
condition on iJ, 



for some constants /i > 0, ry > and (7^ > for i = 1, N. 



H,ix,0-H,ix,e)\ < h ,^^ , f;, ^i,..,^ (4.15) 



Theorem 4.4. Let l<p,<2 if N ^2, < p, < 2 if N > i and a, > I - ^ 
for i = 1, N. Let us assume ^t^, ^K7^-(KIM>, with e = and (Jl5\ ) with 

r] > 0. Then there exists a unique weak solution to Problem i4.1^ . 

Proof. Let us suppose u and v are two weak solutions to Problem (j4.ip and denote 



w = {u — v)^ and Ef = {x € ft : t < w < sup w} for t € [0, sup . We use 

wt -- 



w{x) — t if w{x) > t 
otherwise 



as test function in the difference of the equations. Strong monotonicity p.2p with 
e = Q and the Lipschitz condition ()4.15p with 77 > give 

{\dxM + \dxAf''" ~ "^hiJE, {v+\dxM + \dxMY' 
Since cr^ > 1 — ^ by Young inequality and some easy computations we have 

V / l^x.Wfl^ <c ( u? (4 16) 

JEt {\dxM + \dxMf~^'" ~ JEt 

for some positive constant c independent on t. Moreover by (|2.2p and Holder in- 
equality we get 

1 TV / ^ 

1 if o \ ^ TT / f 2]V \ 2]V^ 



Cs 



\Oxi'Wt\ 



tJ[\JEt{\dxM + \OxM) ' ^ ''^ 



then by ()2.3p we obtain 
1 

ClJfit '~ f^JEt {\dxM + \9xiV\) 



t^JEt ildxM + IdxM) ViSt 
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Finally using (|4.16|) we get 



1 ^ / r 



Since {2 — pi) < pt we have 



2 

(2-p,)f _ 



lim / {\d,^u\ + \d,Mr 

t->-sup w J^^ 

that gives a contradiction. □ 



The second result is obtained when every pi is greater than 2 but e > in p.2p 
and we assume the following Lipschitz condition on Hi 

mx, - H,{x,a\ < h^{x) m + - (4.17) 

with a, >0, hie L^'^in) and Si > f"^. 
Theorem 4.5. Let us suppose 

2Ns, 



N >3, 2<pi< 



Ns, - 2si - 27V' 



1 PooPi 1 Pi Pi Pi ~ 2 

Si > max < N, > and < cr,- < 



Poo- Pi} ~ ~ N Si 2 

for i = 1,...,N. Let us assume ^KM), ^^-WUW, ^ith e > and (JJ^. 

Then there exists a unique weak solution to Problem 

Proof. Arguing as in the proof of Theorem 14.41 we get 

N N 

If (Ji > by Young inequality we have 

N . N . 

/ \d.,wtfie+\d,M + \d.Mr''<ciJ2 / hjild^M + ld.Mf''^'''"'^ (4.19) 

i^l^Et i=l-'Et 

for some positive constant ci independent on t. Using inequalities p.2p and (|2.3p . 
Holder inequality and (j4.19p we obtain 



<f[{J^ \d..wt\'y <C2n(^ \d,^wt\\e+\d.M + \d..vr 

N 

<C2V / hUld^M + ld^Mf^-'^^-'^^w', 

*=i -^s* 



i.e. 
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for some positive constant C2 (independent on t), that can be vary from line to line. 
Since ^ + (H£i^£i±H) f < ^ i^^ve 

Si Pi 2 — 

lim / hf{\d,M + \d.Mf^'~''^'^^=0, 
that gives a contradiction. 

Conversely if ai < by (|4.18p and Young inequality we have 

N . N . 

/ |9..«^tP<C35] / h^d,M + \d.,v\)'^' (4.20) 

for some positive constant C3 independent on Using inequalities (|2.2p and (|2.3p . 
Holder inequality and (|4.20p as before we obtain 

for some positive constant C4 independent on t. Since — + < 1 the assert. □ 



Remark 4.6. We observe that for pi > jva -2s''-2Af ' Theorem \4-5\ holds for < 
CTi < ^ — 1^ or < CT; < ^ — + . Moreover Theorems \4-4\ '"^'^ hold 
if in ^.1^ we add the term c{x,u) as in Remark \3.5l 
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